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1. INTRODUCTION 
Classifying and enumerating permutations with restricted positions is a 
problem treated at length by several authors (cf. [4]). One of the more well 
known of these problems is the probleme des rencontres; i.e., the number of 
permutations of n objects which fix no object. The solution to this problem is 
D,= i(-l,i$ 
i=O 
(1.1) 
or, what is the same thing, 
D, = nD,-, + (- 1)” (Dl = 0). 11.2) 
Another well-known problem is to classify permutations YT = (n(l),..., n(n)) 
according to the number of rises in the permutation. Here, a rise is a pair 
n(i), rr(i + 1) with r(i) < n(i + 1) and, for notational convenience, we 
always attach an initial rise. Thus, for example, the permutations .1.2.3 and 
.21.53.4 each have three rises and the position of each rise is indicated. 
If A(n, k) denotes the number of permutations with exactly k rises, then 
A(1, k) = a,, (Kronecker delta) and 
A@, k) = kA(n - 1, k) + (n + 1 - k) A(n - 1, k - I). (1.3) 
It follows from (1.3) that A@, k) is the familiar Eulerian number [ 1, 31 given 
by 
A@, k) = 5 (-1)j (” f I) (k -.j)‘“. 
j=O 
(1.4) 
196 
0097-3165/78~0252-0196$02.00~0 
Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
CIRCULAR PERMUTATIONS 197 
In the next place, a succession in a permutation w = (r(l), 7r(2),..., n(n)) 
is a pair r(i), v(i + 1) in which z-(i + 1) = 1 + n(i). It can be shown [5] 
that, if P(n, r, S) denotes the number of permutations of n objects with r rises 
and s successions and P*(n, r, S) denotes the number of these in which 
~(1) > 1, then we have 
P(n, r, s) = (” s ‘) P(n - s, r - s, 0), 
P(n, r, 0) = P*(n, r, 0) + P*(n - 1, r - 1, 0). (1.6) 
Thus, it suffices to determine the numbers P*(n, r, 0) = P*(n, r) and it has 
been shown [5] that 
P*(n, r) = 1:: (-l)j (” i ‘) A(n -j, r -j), 
where A(n, k) is given by (1.3) or (1.4). 
An equivalent formulation of (1.7) is that 
P,*(t) = (A(t) - t>“, M(r) = A,(t), t*J3> 
where, for brevity, we have written 
n-1 
P,*(t) = C P*(n, r) t , 
7=1 
(1.9) 
A,(t) = i A(n, r) t+. 
7=1 
(1.10) 
It is also shown in [5] that 
f’,*(l) = D-7 (1.11) 
where D, is the rencontres number. 
In a recent paper [6], Professor Tanny showed that the number, C&Z, k), 
of permutations of 1,2,..., n with k circular successions and with n a fixed 
point is 
dn, W = (” ; ‘) D,,+-k . (1.12) 
Here a circular succession in rr = (r(l),..., n(n)) is any pair T(i), n(i + 1) 
where n(i + 1) = ?r(i) + 1, i = 1,2 ,..., n - 1, or the pair n(n), r(l), if 
~(1) = n(n) + 1. Equivalently C&Z, k) is the number of circular permutations 
with k successions, where a circular permutation is any of the (n - I)! 
arrangements of 1,2,..., n on a circle with two arrangements identified if they 
can be rotated into coincidence. Professor Tanny deduced from (1.12) the 
198 DYMACEK AND ROSELLE 
result of Professor Dwass [2] that the probability that a random permutation 
of 1, 2,..., n has exactly k circular successions tends to e-‘/k! as n tends to 
infinity. 
In the present paper we give alternate proofs of more general versions of 
the results in [6]. 
2. THE NUMBERS +(n, r,s) 
Let #z, r, s) denote the number of circular permutations with r rises and s 
successions. We first note that 
$(n, r, 3) = t ) n y ’ y5(n - s, r - s, 0). (2.1) 
The proof of (2.1) is similar to that of (1.5). Namely, if n is a circular 
permutation of I, 2,..., n with r rises and s successions, delete each of the s 
entries of 7r which is the larger element of a succession. This defines a mapping 
of the permutations counted by $( n, r, s) into a set of circular sequences (not 
necessarily permutations) 
p = (jl ,.A ,...,j?z-,I, 
which contain 1, have r - s rises, and no successions. Now, if the elements 
of p are ordered 1 = jtil < jkz < ... < jkn-, < n, we define a permutation 
77’ = (a’(l),..., d(n - s)) by k(i) = t if p(i) = jkt . It is immediate that T+ 
is counted by $(n - s, r - s, 0). 
To conclude the proof of (2.1), we next select a permutation 7~’ = (r’(l),..., 
n’(n - s)) counted by #(n - s, r - s, 0). If Ik, < lk, < a-* < Ik,-, are 
n - 1 - s elements selected from (2, 3,..., n}, we define a sequence /3 by 
writing /3(i) = Ik, if z-‘(i) = t, and /3(i) = 1 if n’(i) = 1. A permutation rr of 
(1, z..., n} can then be obtained from the sequence p successively filling in 
the elements not included in p immediately following their predecessors. It 
is clear that the permutation rr so obtained has (r - s + s) = r rises and 
s successions. Since there are (:I:-,) = (n;l) ways to select the elements 
“k2 -=c ... -=c “k,-8 9 we have evidently proved (2.1). 
Consequently, 
= A(n - 1, r). 
Comparing this with (1.7), we find that 
(2.3) +(n, r, 0) = P*(n - 1, r). 
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In order to derive (1.12), we need only note that 
f d(fl, r, s) = (” y ‘) i $(n - s, r - s, 0) 
v=s r=s 
= 
( i 
It ; l P,*_,-,(l) 
=( 1 ‘I ; l D,&, . 
Here we have used (2.1) and (1.11). 
3. *-RISES AND *-SUCCESSIONS 
Following Tanny, we next consider circular permutations in which any 
of the pairs (i, i + 1) (1 < i < n - 1) or (n, 1) is considered as a succession. 
We also consider any of the pairs (i, j) (1 9 i < j < n) and (n, k) (1 S k < 
n - 1) as a rise. In order to avoid confusion with our earlier definition of rise 
and succession, we will refer to these as *-rises and *-successions. Moreover 
it will be convenient to specify the (n - l)! circular permutations n = 
(dl),..., +z)) among the n! permutations as those for which r(l) = n. 
Let #(n, r, s) denote the number of circular permutations (n, r(2),..., r(n)) 
with r *-rises and s *-successions. Let a(n, r, s) and t(n, r, s) denote the number 
of these circular permutations in which 42) # 1 and 42) = 1, respectively. 
Note that a(n, r, s) is defined for s 3 0 whereas t(n, r, s) is defined only for 
s >, 1. Also note that 
W, r, $1 = +, r, 4 + t6.s r, 4, 
as is obvious from the definitions. 
Similar to the proof of (2.1), we have also 
(3.1) 
a(n, r, 0) = (” s ‘j u(n - s, r - s, 0). (3.2) 
The details of the proof of (3.2) differ from those of (2.1) only in that, one 
the sequence p is obtained, either jr = j, =nandj,=2 orj,+,=jk 
and j, = 2. Thus, considering p as a &&lar sequence, either (j, , j,) gi 
(j,-, , jr) will be *-rise. Hence p has r - s *-rises and no *-successions. The 
proof of (3.2) can now be completed in the same way as (2.1). 
In the next place, we prove 
T-1 
a(n, r, 0) = C (-l)i+l P*(n - i, r - i). 
i=l 
(3.3) 
582a/25/2-8 
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In order to establish (3.3), we first note that, if T = (n, r(2),..., n(n)), is a 
circular permutation counted by u(rr, r, 0), then (r(2), 7r(3),..., VT(~)) is a 
(noncircular) permutation of 1, 2,..., n - 1 with r - 1 rises and no succes- 
sions; i.e., a permutation counted by P*(n - 1, r - 1). 
On the other hand, if (II = (a(l), (r(2),..., ti(n - 1)) is a (noncircular) 
permutation counted by P*(n - 1, r - 1) and T = (n, LX(~),..., ~(n - I)), 
then, except in the case a(n - 1) = IZ - 1, T is one of the circular permuta- 
tions counted by a@, r, 0). If, however, a(n - 1) = n - 1, then 01, viewed as 
the circular permutation, (n - I, cl(l), a(2),..., a(n - 2)) has r - 1 *-rises 
and no *-successions. Hence we have established 
u(n, r, 0) = P*(n - 1, r - I) - a(8 - 1, r - 1,O). 
Iterating (3.4) and noting that a(n, 2, 0) = 1, we deduce (3.3). 
(3.4) 
In the next place, let T = (n, 7r(2),..., r(n)) be a circular permutation with 
r -rises, s *-successions, and ~(2) = 1; i.e., a circular permutation counted 
by t(n, r, s). If s > 1, the circular permutation T’ = (n - 1, 7r(3) - I,..., 
+9 - 1) is counted by u(n- I,r- l,s- 1) or t(n- l,r- I,s- 1) 
according as ~(3) > 2 or ~(3) = 2. If s = 1, then necessarily ~(3) > 2, and 
T’ is counted by u(n - 1, r - 1, 0). Conversely, if 7~’ = (n - 1, ~‘(2) ,..., 
~‘(n - 1)) is counted by either u(n - 1, r - 1, s - 1) or t(n - 1, r - 1, 
s - I) then 7~ = (n, 1, n’(2) + l,..,, n’(n - 1) + 1) will be counted by 
t(n, r, s). Hence we have 
t(n,r,s)=~u(n-l,r-l,O> @=I) 
lu(n - 1, r - 1, s - I) + t(n - 1, r - 1, s - 1) (s > 1). 
(3.5) 
It follows from (3.2) and (3.5) that 
t(n,r,s)-t(n-- l,r- l,s- I)-(~If’)u(n--.v,r--q0). (3.6) 
Note that iterating (3.7) and using (3.6), we get 
t(n, r, s) = fi 1 :) u(n - S, r - s, 0). (3.7) 
We are now able to evaluate #(n, r, s). Namely, according to (3.1), (3.2), 
and (3.7), we have 
W, r, s> = utn, r, s> + t(n, r, s> 
= (” 3 ‘) u(n - s, r - s, 0) + (“, 1 :) u(n - S, r - S, 0) 
zrz 
0 “, u(n - s, r - s, 0). (3.8) 
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Thus, using (3.3), we have finally 
#(n, r, s) = 
n r-s-1 
0 c s (-l)“fl P*(n - S - i, Y - s - i). (3.9) i=l 
A corollary to (3.9) is (9) of [6]. Namely, 
= (r) r:12 ‘g’ (-l)“+’ P*(n - s - i, r - s - i) 
n n-s-2 
==o c s (- l)i+l P,*_,-,(l) i=l 
which, using (1.1 I), we are able to state as 
#(n, s) = (“,) n$3 (- l)“+” Dn+j . (3.10) 
3=5 
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